THETA FUNCTIONS AND ARITHMETIC QUOTIENTS OF 

LOOP GROUPS 



DONGWEN LIU 



Abstract. In this paper we observe that isomorphism classes of certain metrized 
vector bundles over Pi — {0, 00} can be parameterized by arithmetic quotients 
of loop groups. We construct an asymptotic version of theta functions, which 
are denned on these quotients. Then we prove the convergence and extend the 
theta functions to loop symplectic groups. We interpret them as sections of 
line bundles over an infinite dimensional torus, discuss the relations with loop 
Heisenberg groups, and give an asymptotic multiplication formula. 



1. Introduction 

Let E be a vector bundle of rank n on the afBne scheme X := P% — {0, 00} = 
Speci?, where R = Then the global section H°(E) of E is isomorphic to 

R n . Fix q £ R, q > 1. If we choose a trivialization H°(E) ~ R n , then we may define 
an inner product on H (E) via the following inner product (, )i on R n : 



(1.1) (w{t),v(t))i = / w(tyv(t)dt, 

Jq- 1 S 1 

where q~ 1 S 1 = {t € C : \t\ = q^ 1 }, v(t) denotes the complex conjugate, and 
the supscript T is the transpose (here we write w(t),v(i) as column vectors). The 
Lebesgue measure on q~ 1 S 1 is normalized such that meas(q~ 1 S 1 ) = 1. For any 
g e G := GL n (R[t, i -1 ]), we dehne 

(1.2) (w,v) g := ( 5 -Vs~Mi- 

We extend these inner products to M[t, t^ 1 ] n = R n ®z R by the same formulas. 

Our starting point is to introduce the arithmetic quotient (see Section 2 for 
precise details) 

Q n>q = f\G/K, 

where T, K are certain "discrete" and "maximal compact" subgroup of G respec- 
tively, G is a central extension of G by R x , and T, K are double covers of T, K. 
The key observation (Theorem I2.2[) is that Q n ,q classifies above metrized vector 
bundles on X with an additional datum called covolume theory. Roughly speaking, 
a covolume theory, denoted by c, will assign a positive number c(L) to each lattice 
L of H°(E) in such a way that the information of relative covolumes between differ- 
ent lattices will be captured. Via this moduli interpretation of Q n .q, for any g G G 
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we may associate a triple (E, (, ) g , c). Then we construct an asymptotic version of 
theta functions on G 

■&(g) :=Hmc(L)£V ,r < ,l '<'>«, 
veL 

where L runs over all lattices L of H°(E), and the limit is taken with respect to 
inclusions of lattices. The interesting point of our construction is the (tautological!) 
fact that is defined on Q n ,q- In other words, we obtain an automorphic function 
on G. 

The most technical problem is the convergence of the limit defining "&(§). Using 
a variant of the lemmas in (4] and [12], together with some elementary Fourier 
analysis, in particular the Poisson summation formula, we establish in Section 3 
the uniform convergence of $(g) for g varying in certain Siegel subset of G. In the 
course of the proof, the use of Iwasawa decompositions for loop groups simplify our 
considerations. Motivated by the work of Y. Zhu [12] on Weil representations, we 
also extend the theta functions to loop symplectic groups in Section 4. In all the 
above, the reparametrization t n> qt for the variable t, plays an important role for 
the convergence result. Note that it is also a crucial ingredient in the proof of the 
convergence of the Eisenstein series (see [I], [3]) on loop groups. 

We try to give some interpretations for our theta functions from representation- 
theoretic and geometric point of view. D. Mumford's idea 5 a is to bring together 
three ways of viewing theta functions: 

(a) as holomorphic functions in the vector/period matrix, 

(b) as matrix coefficients of a representation of the Heisenberg/mctaplcctic groups, 

(c) as sections of line bundles on abelian varieties/moduli space of abelian vari- 
eties. 

In Section 5, we interpret the theta functions as global sections of line bundles 
over an infinite dimensional torus, discuss the action of loop Heisenberg groups, and 
give an asymptotic multiplication formula, which is analogous to the theta relations 
given by Mumford in [5]. 

Inspirations from Kapranov's work [2] are indispensable for the writing of this 
paper, especially for introducing the notion of covolume theory. We also use the 
notions of semiinfinite Grassmannian and dimension theory in [2] to write our 
multiplication formula in Section 5 in a more conceptual way. 

It should not be too surprising to get some generalizations of part of this paper to 
more general framework, say, to the situation of higher local fields and adelic spaces, 
or the so-called C„-categories (see [6], [7], [8] and [10]). For instance, Parshin [9] 
considered Heisenberg groups associated with objects from Cq 9 ', the category of 
finitely generated abelian groups. The loop Heisenberg groups introduced in Section 

5 should be viewed as Heisenberg groups associated with objects from C(' 9 ', the 
category of filtered abelian groups with finitely generated quotients. 

Notations For an abelian group A, we write = A <S)z K. For a finite dimen- 
sional real vector space V, write V* — Hornby, R). Let (, ) : V x V* — ► K be the 
canonical pairing. If L is a lattice of V, denote by L* C V* the dual lattice with 
respect to the bi-character e^ 27Tl ^K Let S(V) be the space of Schwartz functions 
on V. If a Haar measure on V has been chosen, then define the Fourier transform 

6 : S(V) -> S(V*) by 

= [ f(x)e- 2 ^ x ^dx. 
Jv 
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The Haar measure on V* is determined by the condition that & is an isomctry. 

For a positive integer I, Z; stands for Z/ZZ (in contrast to the usual meaning 
of Z-adic integers for prime I), Ui is the group of l-th roots of unity. The pairing 
Z ; x Ui — > Ui C S 1 gives the Pontryagin duality. Denote Q — e 27 ™/'. 

For d e Z we write = ^[i" 1 ]™, = i d R[i -1 ]™ = ® z R. 

For an invertible matrix g write g* = (<7 -1 ) T - 

2. Moduli interpretations of arithmetic quotients 

Our purpose in this section is to give a moduli interpretation of arithmetic quo- 
tients of loop groups, which in turn classify the vector bundles with metrics de- 
scribed in the introduction. We start from the loop group GL n (R[t, t^ 1 ]). It is 
well-known that this group has a central extension GL n (M[t, t^ 1 ]) which we shall 
now define. 

A lattice L of a free R[i, t _1 ]-module V of rank n is a free R[i _1 ]-submodulc 
of rank n. In other words L is an R[f _1 ]-span of a basis of V. Any two lattices 
L\, L2 in V are commensurable, in the sense that the quotients L\/(L\ n L2) and 
Lij{L\ n L2) are finite-dimensional over R. For example any lattice in R[i, i -1 ]™ is 
commensurable with R^" 1 ]™. 

Let L R be the lattice R[i -1 ]™, and g <= G" J L„(R[t, i" 1 ]). Since f/L|^/(L^ n 
and L^/ (Ljjj n gL R ) are finite-dimensional vector spaces over R, we can talk about 
their top wedge powers. Let det(L^,gL R ) be the tensor product 

A** (gL° R /L° R n gL° R ) ® R A top (L° R /L° R n ff^)" 1 , 

where (•)~ 1 = HoniR(-,R) denotes the dual vector space. Then det(L^,gL R ) is 
a one-dimensional vector space over R. Let det(L R , gL^) x be the set of nonzero 
vectors in det(Ljj, gL R ), which form an R x -torsor. Now define the group 

(2.1) GL n (R[t,t _1 ]) = {(g,w g )\g e GL n (R[t, r 1 }), oj g e dct(L°, 5 L°) x }. 
The multiplication in the group is given by 

{g,u g ){h,Uh) = (gh,uj g Aguj h ), 

where gojh is image of uj^ under the natural map 

det(L R ,hL° R ) ^ det(gLlghL R ), 

and oj g A guh is defined via the isomorphism 

det(L° , gL R ) A dct( 5 L° , ghL° R ) — > dct(L° , ghl%). 

It turns out that GL n (R[t,t~ 1 }) is a central extension of GL n (R[t, t^ 1 }) by R x , 
then we have the short exact sequence 

(2.2) 1 -^R x — >• G£„(R[M _1 ]) — > GL n (R[t,t -1 ]) — > 1. 

We are concerned with two subgroups of GL„(R[i, i -1 ]) together with their ex- 
tensions. The first one is GL n (Z[t, t^ 1 ]), which plays the role of a discrete sub- 
group, or more precisely the so-called arithmetic subgroup. This group acts on 
R n = Z[i, t -1 ]™. Similarly as above, let us define a lattice in R n to be a free 
Z^-^-submodule of rank n. Let L° z = Z^ 1 ]". For any g € GL n (Z[t, i" 1 ]), 
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gL\j (Lg n gL%) and L\j (L% n gL%) are free Z-modules of finite rank, and we let 
dct(L%, gL%) be the rank one free Z-modulc 

A top (gL°jL° n gLl) ® z A top (L°jL° z n gL^ 1 . 

Note that there is a natural isomorphism 

(2.3) <p : det(L° , gL° z ) ® z R ~ det(L° , ). 
Define the group 

(2.4) GL^Z^r 1 ]) = {(ff.w^ls G GL n (Z[i,i _1 ]),w fl a basis of det(L°, 3 L°)} 
which is a double cover of GL n (Z[t, i -1 ]), i.e. there is a short exact sequence 

i — > Z 2 — >GL n {Z[t,t- 1 }) — > GL n (Z[t,t~ 1 ]) — > 1. 

Via (12.31) we have an embedding GL n (Z[t, t- 1 }) ^ GL„(R[i, i -1 ]), which is com- 
patible with the canonical embedding Z 2 R x . In other words we have the com- 
mutative diagram 

I *-Z 2 >GL n mt : t- 1 ]) >GL n (Z[t,t- 1 }) » 1 

T 

1 >~ R x *- GL n (R[t, t- 1 }) »» GL n (R[t, t' 1 }) 1 

This construction of double cover is quite natural (see [2] §2.0). 

Recall (11.21) that for any g G GL n (M[t, t^ 1 }) we have an inner product (,) s on 
R[i,t -1 ]". Write || • || g for the induced norm. The following lemma is an easy 
exercise. 

Lemma 2.1. Fix g and for any subspace H o/R[t, t^ 1 ] 71 write H for the completion 
with respect to \\ ■ \\ g . Then for any two lattices L\, L 2 of R[i, t^ 1 ]", 

Iinl 2 = LinL 2 , r4rr - 7 % >» = 1 > 2 ' 
ii n l 2 Li n l 2 

Using this lemma, we may induce a metric on det(L^, gL^), which we still denote 
by || ■ || g . The subgroup 

(2.5) K = {g G GL n {m.[t,t- 1 })\g{q-H)g{q-H- 1 ) T = 1} 

plays the role of a maximal compact subgroup. In fact K is the isometry group of 
(, )i. Hence || • \\ gk = \\ ■ \\ g for any g G GL n (R[t, t' 1 }), k <E K. We remark that by 
definition there is a family of group homomorphisms 

(2.6) ev(t) : K — > U{n) 

for t G q~ 1 S 1 , via evaluation maps. For fixed k G K, ev(-)(k) : g -1 ^ 1 — > t/(n) is 
smooth. The double cover if of if is defined by 

(2.7) £ = {{g,u B )\g e K,oj g e det(L°, ff L°) x , |]^|| x = !}• 
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Similarly, we also have the following commutative diagram 

1 >- Z 2 ^ K *- K 9- 1 



1 *• R x *- GL n (R[t, t- 1 }) GL n (R[t, t' 1 }) 



We introduce the arithmetic quotient 

(2.8) Q n , q := GL n (Z[t, t- 1 ])\GL„(R[t, t-^/K. 

The main result of this section is the following moduli interpretation of Q n _ q . Let 
E be a vector bundle of rank nonX, and | • || be a metric on E such that after a 
trivialization of E it is induced by (j 1 . 2[) for some g. A covolume theory of (E, || • ||) 
is a rule c which assigns a positive real number c(L) to each lattice L of H°(E) 
such that 

c(L>) = c(L)cov H 

whenever L C L' are two lattices of H°(E). Here ccw||.|| denotes the covolume 
induced by the given metric || • ||, and Lr = L®|1. Note that once we know 
c{L) for one lattice L, then we know c(L') for any lattice V . In fact, take a lattice 
L" C L, L 1 and define 

COVu.u (j^r, fa ) 

(2.9) c(\\.\\,L,L')= U ) L y 

—ll ll (^) 

Then (|2.9p does not depend on the choice of L" and satishes 

(2.10) c(L') = c(L)c(\\-\\,L,L>). 

We remark that all covolume theories attached to (E, || • ||) form an R*-torsor. 

Consider all the triples (E,\\ ■ ||,c) as above. We say that two such triples 
(Ei , || • Cj) , i = 1,2 are isomorphic if there is an isomorphism r\ : E\ — > Ei of vector 
bundles such that r\ induces an isometry H°(Ex) — > H°(E2) and C2(r)(Li)) = C\(Li) 
for any lattice L\ of H°(Ei). 

Theorem 2.2. Q n ,q classifies the isomorphism classes of all such triples (E, ||-||, c). 



Proof. Given (g,uj g ) £ GL n (R[t,t 1 |), we associate the triple (R n , \\ ■ \\ g ,c) such 
that the covolume theory c is determined by c(L^) = H^Hr 1 . 

(1) Let (7,^ 7 ) £ GL n (Z[t, t^ 1 ]) 11 . Then associated to {^g,uj 1 Ajuj g ) we have the 
triple (R n , \\ ■ | 79 ,c') such that d is determined by 



c'(L%) = ||w 7 A JUJ g \ 



-1 



Consider the automorphism of trivial vector bundles r? 7 : R n —> R n , v H> 711. This 
induces an isometry because we have 

hvh g = \\g- 1 v\u = \H 9 - 
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Moreover we have 

c'^Ll) = c'{Ll)c{\\ -W^Ll^Ll) 

= |KA7w fl ||7 ff 1 c([[-|| 7ffJ £S,7£g) 

= \\" 9 VP^gC(\\-hg,Ll 7 L° z ) 

= IKH; 1 = c(L°). 

This proves that ry 7 induces an isomorphism between the triples (R n , \\ ■ \\ g ,c) and 

(2) Let (k,uJk) S -R". Then associated to (gk,uj g Agujk) we have the triple (i?™, || • 
|| g , c") such that c" is determined by 

c"{Li) = \\u g Aguj k \\-\ 

In this case the identity map induces an isometry, and 

c"(L°) = KH^KUr 1 = KH" 1 = c(L°). 

Hence the triples (i?™, || • || g ,c) and (i?™, || • || s ,c") are isomorphic via the identity 
map. 

We have constructed a map from Q n ,q to the set of isomorphism classes of such 
triples. The inverse map is also clear and it is easy to prove this is a bijection. □ 

3. Theta functions on the arithmetic quotients 

Suppose we have a triple (E, \\ ■ ||, c) as in the previous section. Via isomorphisms 
we may always assume that E = R n and || • || = || • || g for some g € GL(M[t, t^ 1 ]). 
Let g= {g,Wg) € GL n (R[t, i -1 ]) such that g gives the triple (R n , || ■ \\ g ,c) (see the 
proof of Theorem 12. 2p . We define 

(3.1) d{g) = limi?i(flf) := limc(L) ^ e'^^ , 

where L runs over all lattices of R n ~ H°(E), and the limit is taken with respect 
to the inclusions of lattices. To make the definition more transparent, consider the 
filtration of lattices 

• • • c ^ c Li +i c • • • 

where := t d L%. Then (J — an d ■#(<?) is the value (assume the existence) 
which satisfies the condition that for any e > 0, there exists d G Z such that 

(3.2) hMflO-0(flf)l<e 

whenever L is a lattice containing L|. Of course, in this description we may replace 
{L%,d 6 Z} by any exhausting filtration of lattices. Clearly i?(<jr) only depends on 
the isomorphism class of the triple, and from Theorem 12.21 it is a tautological fact 
that $ descends to a function on Q n ,q, i.e. $ is left invariant under GL n (Z[t,t^ 1 ]) 
and right invariant under K. 

In this section we shall prove uniform convergence properties of $(<jr), for g vary- 
ing in certain "compact" subset of GL n (R[i, i -1 ]). Equivalently, we are considering 
behaviors of i? ([<?]) when \g\ lies in certain subset of the arithmetic quotient Q n ,q- 
To this end we need the following Iwasawa decomposition: 
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Lemma 3.1. Let B = {g(t) E GL n (M.[t 1 ])|g(oo) is upper triangular}. The se- 
quence pLl)) splits over B. If B is the preimage of B under the projection 

GLnQSLfot- 1 }) -> GL n (R[t,t-% 

then 

G~L n (R[t, t^ 1 ]) = BK = R X BK. 

Proof of this lemma is by using standard theory of Tits systems. We also need 
a lemma which is similar to [12] Lemma 4.8 and [4] Lemma 3.3. 

Lemma 3.2. Let V\, . . . ,V m be finite dimensional real vector spaces, V — V\ ® 
• • • © V m . Suppose f(x\, . . . , x m ) E S(V) is a Schwartz function which takes values 
in R and its partial Fourier transforms F^f > (i = 1, . . . , m), i.e. 

f(xi, . . . ,x m ){xi,yi)dxi > 0, 

Vi 

where yi is in the Pontryagin dual of V,. Let Li C Vi be a lattice (i.e. a free Z- 
module which spans Vi over R) and L = L\ © ■ • • © L m . IfU : V — > V is a blockwise 
unipotent linear operator, i.e. 

UV i <zV 1 ®---®V i , U\ Vi =l mod Vi © • • • © Vi-i_, 

then 

^2f(uk)<j2f(k). 

keL keL 

We give some notations. Let N = {g(t) E GL n (R[t~ 1 ])\g(oo) — 1}, and A be 
the group of diagonal matrices in GL n (M), then B = AN. For each d E Z, let 
Lji = t d L^,, V d = t d W l and L d = t d Z n , then 

(3.3) L d l = Q^Vi, L^ = ^^Li. 

For di < d 2 E Z, let 

(3-4) V dud2 = F <; Ld 1 ,d 2 — Li- 

di<i<d-2 di<i<d 2 

Note that elements of TV act on Ljj| as blockwise unipotent linear operators. 

Let us define the notion of Siegel subsets of GL n (M[t, £ -1 ]) which is suitable for 
our purpose. GL n (M.[t, t^ 1 }) has an ind-scheme structure. Indeed for each i £ N let 
Xi be the subset of GL n (M.[t, t^ 1 }) consisting of elements whose entries are contained 
in V-i : i. Then GL n (M[t, t^ 1 ]) — [J Xi, and one may choose an embedding 

(3.5) ifi :Xi A Ar W(R) 

of affine subscheme, where N(i) E N depends on i. For example we may take 
N(i) = n 2 (2i + 1) + 2ni + 1. We call C C G£ n (R[t, t -1 ]) a compact subset, if C is 
contained in Xi for some i, and <Pi(C) C R W ^J is compact in the real topology. It 
is easy to check that this notion is well-defined, i.e. does not depend on the choice 
of (|3.5j) . Similarly we can define compact subsets of B. Recall from Lemma l3~Tl the 
Iwasawa decomposition. We define a Siegel subset of GL n (M[t, t^ 1 ]) to be a subset 
of the form CzCbK where Cz, Cb are compact subsets of R x and B respectively. 
Now we are ready to state and prove the main result of this section. 
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Theorem 3.3. The limit \3.1^ defining $(jf) exists and converges uniformly for g 
varying in any Siegel subset of GL n (R[t, t^ 1 }). 

Proof. Let u G N, a G A, and suppose that g gives the triple (R n , \\ ■ \\ au , c). Our 
strategy is to first show that the sequence 

(3.6) M9) ■= <Li) J2 e~<^ 

veLt 

is bounded, and then compare i?l(<t) and $d(t/) when L is a lattice containing Li. 
More precisely we shall prove that 

(3-7) d L (g) = (l + o d (l))M9) 

where 0^(1) — > as d — ¥ oo, and the rate of convergence depends on d but not on 
L. We proceed in 3 steps. 

Step 1: Boundedness of subsequence. The trick is reducing to the diagonals. 
Let us first prove that for each d G Z, 

(3.8) e" K{v,v)au < e~* {v,v)a - 



Lemma 13.21 does not apply directly in this infinite dimensional case. However, 
consider 

(3.9) e~^ v ' v) ™ 

v£L dl . d 



for d\ < d. Let 7Ti, tt2 be the obvious projections 

7Ti : L R — > Vd lt d, ^2 : — > ^r 1_1 - 
Since Vd x ,d and L'^~ 1 are orthogonal with respect to (, )i, we obtain 



(v,v) au = (u x a 1 u, u 1 a 1 v) 



l 

> (TT\u~ 1 a~ 1 v, niu~ 1 a~ 1 v)i. 

Apply Lemma [3.21 for Vi, a~ x Li, i = di,...,d, f(v) — e^ 7 *^'^ 1 and the operator 
U = -Kiu^ 1 : Vd x A — > Vd ly d, h follows that 

([33]) < Y e ^ {Uv ^ Uv)l < V e -A-°,v)i = e -w(«,t>) 0< 

vea~ 1 L dl:li vea- 1 L dl)d veL dl , d 



Let d\ — > — oo we get 

On the other hand, we have the equality of covolumes 

(3-10) ^IHuffl^V-ll.luffl.flV 

\ Z R / \ Z R / 

Indeed, take a basis {(>, } of L rfl>rf . For u G Lg denote by t' x the orthogonal projection 
of w to (l^^J with respect to the metric || • || ou . It is easy to check that 

v = auni(u~ 1 a~ 1 v) — auUa~ 1 v. 
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Then 

LHS of (13~TU1) 

= yjdet((y±,vf) au ) 



= ^Jdet ((Ua- 1 v i , Uarhij)i) 

= ^det ((a- 1 v i ,a- 1 Vj)i) 
= RHS of (jnHUJ) . 

Write a = diag{ai, . . . , a n }. Apply (|3.8|l and (|3.10[) . we obtain that for d > 0, 
U~9) < c(L° z )cov H (§,§) J2e-^° 



vGL: 
n d 

= C (L0)g-"^|deta|- d n II E ex P ("™7 2 « * '"' 

J — 1 2= — oo m£Z 

By the Poisson summation formula, 

^ exp (-naj 2 q- 2i m 2 ) = \a 3 \q l ^ exp (-na 2 q 

Hence 



2 2i 2\ 

m 



(3.11) < c(L°) II II E CX P (-™j 2 q 2i m 2 ) JJ ]T exp (-tt^V 

and the right-hand-side is convergent as d — > oo. 

Step 2: Comparison with the subsequence. Let L be a lattice containing Lg, 
and let L' be a complement of L% in L such that L' C t d+1 Z[t]. Similarly as 
above, for u' 6 write w ,J " for the orthogonal projection of v' to (L^)- 1 . Write 



v' = v'- v ,J - e Then 



e -jr(«,i;) 



(3.12) d L {g) = c(L)J2' 

v£L 

= C ( L ) E E e^^"''^ 1 ''^' 
ueLg v'eL' 

= c(L) e — n-(«' J ",'"' X )a U g— 7r(o-H)£,o-Hi£)au 

It is clear that ± 2<5< -"' ) 1 , where <5(it) is the highest power of t~ x appearing 
in the entries of u. As a consequence we have v' G V d _ 2 8{u),d- For u£Lg let be 
the orthogonal projection of v to V^ 2 6(u) anc ^ ^ = w — v ± 6 Kz-2<5(n),d- Then 

(3.13) ^ e -T(»+«S,c-K)„„ 

_ g— T(l)x,Wj_)au g-T(jJl-|-JJO-|-Ko) 1 'l+ 1 '0-|-fo)"f 

„ et d-25( u )-iL0 fieL d _ 25(u)id 

Let (, )* u be the induced inner product on V£_ 2 gr u \ d - Choose the Haar measure 
on V c j_2(5(M),d such that the covolume of L d _ 2 s( u ),d equals one (i.e. choose the 
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ordinary Lebesgue measure on each V% = t l R ~ K via rt % M> r). Then for fixed 
xq G Vd-2S(u).di we have the Fourier transform 

P 2-Ki(x ,y)-Tr(y,y)* au 



(e- 



(l+10,I+Io)a 



— 2S(u) , 



By the Poisson summation formula, 



E 



= -7r(i)i+a:o,tii+2;o)a, l _ 



E 



O 27ri(:co ,vf ) -7t(-kJ' ,«* )* 



VieL d _26(u),d V t eL d-2S(.u),d 

Previous reasoning for (|3 . 8[) implies that 



cov \\-\\aS^d-2S{u),di Vd-2S{u),d) 



< 



< 



E 



= n e^ksv^-i 

i=d-2<5(» m£Z 
oo 

^ n e cx p - 1 

i=d-2S(u) mSZ 

Therefore we have proved that 

l + o d (l) 



E e- 



7r(«l+Xo,?>i+:i;o)a« 



c£w |HUu (Ld-26(u),d, V d _2S(u),d) 



where the rate of convergence of 0^(1) does not depend on xq. Hence from (|3 . 
we obtain 

(3.14) e-^ v+v > +v '^ = (1 + o d (l)) J2 e^ {v ' v) ^ 

where again the magnitude of o^(l) does not depend on v' . Similar arguments 
apply for the summation over L' in (|3.12l) . and yield 

( 315 ) V- „-*{v^,v^) an _ l+Od(l) 



v'eL' 



where the magnitude of 0^(1) does not depend on L', hence not on L. Combine 
(prt2|) . (gUP and (|3"TT5|) . together with the identity 

c(L) = c(Li)cov Hau ' 

we obtain (|3.7j) . 

Step 3: Conclusions. After the first two steps we have proved the existence of 
•&(g). If we restrict to a Siegel subset, then by definition we have in the previous 
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settings that c(L%) and au vary in some compact subsets of R+ and B respectively, 
and moreover S(u) is bounded. Consequently, the bound (|3.11|) and the quantities 
0^(1) appearing in Step 2 are all uniform. □ 



4. Generalization to loop symplectic groups 

Recall that the Siegel upper half-space Jif n for Sp2n(R) is the set of all n x n 
complex symmetric matrices with positive definite imaginary part. Sp2 n (R) acts 
on M'n via linear fractional transformations. L 2 (R n ) is a model for the Weil rep- 
resentation of Sp2ri(R), and the dense subspace <S(R") is closed under this action. 
For ft £ ,yf n the corresponding Gaussian function fo,(x) = e 7!lxQ,xT is in S(R n ). 
The theta function 6 : Jtf'n — > C given by 

9(fl) = Yl fo(m) = ^ mnmT 

is automorphic for some arithmetic subgroup of Sp2n(^)- I n [12j Y. Zhu has gener- 
alized this classical theory of Weil representations and theta functions to the loop 
group Sp2n(^((t)))- His method also works in our situation. We do not attempt 
to build the theory of Weil representations for our loop group in full generality. 
Instead we shall focus on theta functions. From now on we use row vectors instead 
of column vectors, and matrix group acts from the right. 

Define W = V ' ®V* = R[t, i -1 ]™ ©R[i, i -1 ]™, where the canonical pairing (v,v*) 
equals the constant term of v(t)v* (t) T . The space W has a symplectic form given by 
(vi +vl,v 2 + v%) = (vi,v%) - (u2,«x). We define Sp2n(^[t,t~ 1 }) to be the isometry 
group of (W, (,)). 

Denote by Vc and the complexifications of V and V*; let Jf? be the set of 
O = X + iY E Hom c (Vc, Vc) such that X, Y 6 Hom R (V,V*) are are self-dual 
and Y > 0. Note that Im(fi) = Y induces an inner product (w,v)iY on V via 
(w, v)iY '■— (to, vY). Let il £ J$f such that I induces the inner product (, )i defined 
by (jl.ip . In concrete terms, the operator / : V — > V* maps t l ej to q~ 2z t~ l ej, where 
% E Z and {ei, . . . , e„} is the standard basis of 1". For any 

G Sp 2 „(R[t,t- 1 ]), 

g acts on by g ■ fl = (afl + /3)(<yCl + S)^ 1 . Consider the diagonal embedding 

d : GL„(R[M _1 ]) ^ Sp 2n (R[t,t- 1 ]), g h> d(g) = 

where g* = (g -1 ) T . Then d(g) ■ il induces the inner product (, ) g . This suggests 
that we may generalize the theta function to the loop symplectic group. 

Remark 4.1. Here our diagonal embedding differs from the usual one because in 
previous sections we let GL n {V) act on V from the left. For the setting of Weil 
representations by convention the symplectic group acts from the right. 

We first generalize the notion of covolume theory. Define a sesquilinear form 
(, )n : Vfc x Vc — > C by (v, w)q = —i(v, wfl). It is easy to check that Re(v, v)n > 
for any v ^ 0. If L C L' are two lattices of R n — Z[t,t~ x ] n , the orthogonal 
complement of Lq in L' c with respect to the form (, )$i is well-defined. If {v^ 



a 
7 S 



9* 
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is a complementary basis (i.e. {vt} span a complement of L in L'), then we define 
the covolume of L in L' to be the complex number 



(4.1) 



c{n i L,L') = ^Aet(v^,vf). 



Here for the square root we take the positive branch. Similarly as in section 2, a 
covolume theory for Vt, is a rule c assigning a nonzero complex number c(L) to each 
lattice L of i?" such that c(L') = c(L)c(Tt, L, L') whenever LcL' are two lattices. 

If f2 = g ■ il for some g <E Sp2n{^[t, t^ 1 }) and c is a covolume theory for f2, then 
we define 



(4.2) 



0(0, c) = lim c(L) ^ e -*(^)« . 



Proposition 4.2. TTie Zzmii defining i?(f2, c) is convergent. 



The proof of Proposition 14.21 relies on the Iwasawa decomposition for loop sym- 
plcctic groups, which we shall recall now. Let 



(4.3) 



K sp = {g G Sp 2n (R[t,t- 1 })\g(q-H)g(q- 1 t- 1 Y = 1} 



It can be shown that K sp is the stabilizer of il in Sp2n(^-[t,t 1 ]). Let £?o denote 
the Borcl subgroup of 5p2n(R) given by 



Bn = 



A* C 
A 



G Sp2n{ 



A is upper triangular > , 



(4.4) 
and define 

(4.5) B sp = {g G S P2n (R[t- 1 ])\g((x) G B Q }. 
Then we have the Iwasawa decomposition 

(4.6) S P2n (R[t,t- 1 ]) = B sp K sp . 



Proof of Proposition ^. 21 It suffices to consider fl — g ■ il with g G B sp . We use 
the fact that B sp is generated by elements of the form 



(4.7) 



a 

7 5 



a 
5 



Note that in this case 5 = a* £ GL n (R[i -1 ]), /3,7 G M nXn (R[t -1 ]). Moreover 
5 E B. We may write g = gi ■ ■ ■ g\ such that each c/, is of the form (|4.7j) . Hence we 
have a chain of transformations 



li = lio ► "1 > "2 * 



n 2 = fi. 



For each j one has either fij = ctjQj-iaJ + /3jCtJ or Oj = ("fjSj + SjflJ^Sj)^ 1 . 
One may keep track of these finitely many steps and apply the same method but 
with some variant of the arguments used in Section 3. □ 
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5. Interpretations of theta functions 



We start from general theta functions with parameters. Keep the notations in 
the last section. Let Q = g-il g , where g g Sp2 n (R-[t, t 1 ])- Let c be a covolumc 
theory for fi. For a € V, b g V*, z g V* + Vtt = V£ = C^,*" 1 ]™, we define the 
theta function 



(5.1) d 



(z, ft, c) — limc(L) exp (— ir(v + a, v + a)o + 2tt{(v + a, z + b)) 



We have the quasi-periodicity: for v £ Z[t, t 



-lira 



(5.2) 
(5.3) 



(z + v,n,c) = e 2 ^ (a ^d 



(z,n,c), 



(z + VQ, n, C) = e <v,v) a -2-Ki{v,z+b) d 



(z,n,c) 



Let L n = Z[t, r 1 ] 11 + Z[t, r 1 ]^ C V c * = C[t, t" 1 ]". Let I be a positive integer and 
fix a covolume theory q for lil. Each a g Z[t,t -1 ]™ gives a theta function 



(5.4) 



f?{z) :=i? 



a/l 




(iz, in, ci). 



For a lattice L of Z[t, t 1 ] n , introduce the partial theta function 



(5.5) 



KM = *l 



a/l 




(Zz, Zf2, C;) 



From quasi-periodicity ()5.2|) . (|5.3p it follows that for d 6 Z[i, i 
(5-6) ft(z + v) = ft(z), 

(5.7) /f(z + «fi) = e ^(v,v)n-2^l(v,z)ja^ z y 

Following [15], let be the set of a £ Z{t,t~ 1 ] n such that all the coefficients in a 
lie in {0, - 1}. Let 

m = {z g (z) = for all a g S,}/L n , 

which is called the set of "base points" in the complex torus V^/Lq. Let P Si = 
P(C Si ) be the infinite projective space, then there is a canonical holomorphic map 

given by 4>i (z) = [/ i °(z)] eS ! • The wcll-dcfinedness of tfii follows from quasi-periodicity 
(|5.6|) . (|5.7p . It is known that 38i — for I > 2 and ^ is an embedding for I > 3. 

We introduce a line bundle Jzf over V£/Lq. Define an action of Lq on the trivial 
bundle l^'xC^ V£ by 

Let Jzf be the quotient line bundle. If / is a function on satisfying (|5.6p (|5.7p . 
and / is holomorphic, i.e. the restriction of / to any finite dimensional complex 
subspace of V£ is holomorphic, then we say / is a global section of Jz? ; . Let r(jSf') 
be the set of global sections of jSf ' . 

We claim that a g 5; are global sections of _§f'. It suffices to prove the holo- 
morphic property. This follows from certain uniform convergence (in the variable 
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z) results, and one may argue similarly as before. We omit the details. If we fix a 
covolume theory c[ for / _1 f2 and for b £ Si define 



g\{z) = d 





b/l 



(zJ-^c'J, 



then g^, b £ Si are also global sections of Jz? ( . In the special case / = fc 2 , there is 
another family of global sections 



hf(z)=d 



a/k 
b/k 



(kz, fi, c), a, b £ Sk- 



Let us introduce the loop Heisenberg group Heis(n,l) 7 which is the set Ui x 
Zi^r'fxZ^tjr 1 ]™ subject to the following relations: 

(5.8) (l,z,0)(l,z',0) = (M + z',0), 

(5.9) (l,0,i/)(l,0, 1/') = (1,0, !/ + »'), 

(5.10) (C, 0, 0)(C', 0, 0) = (CC', 0, 0), and U t x {0} x {0} is the center, 

(5.11) (l,0,2/)(l,x,0) - Ci((x,y))(l,x,0)(l,0,y), 

where (x 7 y) £ Z; is the constant term of x(t)y(t) T , and (i(a) := ((i,a), a £ Z;, is 
the canonical pairing. 

r(Jz? can be realized as a representation of Heis(n, I) as follows. Note that there 
is a natural bijection between Si and Z;[t,t -1 ]". For x £ 'Li[t 1 t~ 1 ] n write x for the 
corresponding element in Si. Conversely for a £ Si write a = a mod / £ Z; [t, t~ 1 ] n . 
We define an action of Heis(n, I) on f(z) £ Y(J£ l ) by 

(5.12) (l,x,0)f(z) = f(z + x/l), 

(5.13) (1, 0, y)f(z) = exp(-7r(^, y)n/i + 2™(y, *))/ (z + jjSl/l), 

(5.14) (C,0,0)/(z) = C/(«). 

One can check that this defines a group action of Heis(n,l) on F(Jif l ). Acting on 
above three families of sections we have the formulas 

(1, x, 0)/f - *))/?, (1, 0, j/)/f - 

(l,x,0) ff f = 5 ? +x , (1,0, y)g? = Ci(— (l/, 6))fff , 

(i,x,o)/i-> 6 = hf +k *, (1,0, j/K' b - a(-M)W +fe "' 6 - 

Consider the graded algebra F(j^), where r(_§f°) := C. We shall give the 

(=0 

explicit formula for f^f^ 2 , where dj G Sj 4 , i = 1,2, under the multiplication 
F(«£f (l ) x F(«5f' 2 ) -> F(«^ 3 ), where Z 3 = /i + i 2 - Intuitively we may expand f^ff* 
as an infinite linear combination of ff 1 , a £ Si 3 . However it turns out to be not the 
case. The formalism of the result is by first averaging partial theta functions and 
then taking the limit. 

We need to introduce some notations for our formula. Let 1 2) be the greatest 
common divisor of l\ and I2, and let l\ — k/(h,l2), i — 1,2,3. Choose j\,]2 £ Z 
such that jih + J2I2 = (h,h)- For any r\ £ Z[i,i -1 ]™, define 

(5.15) a 7] = ai+a2 + {h,h)tl, 

(5.16) a. n = l' 2 a\ - l[a 2 + hl 2 (ji - 
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Note that (a n mod l'il' 2 h) does not depend on the choice of (ji,j2)- Introduce a 
subset of Z[t,t- 1 ] n , 

(5.17) S££" = {r,eZ[t,t- 1 Y l \a ri eS h }. 

It is clear that S^'^ 2 is a set of representatives for Z^ [t, i -1 ]™, i.e. 

(5.18) Z[M~T = |J 77 + Z^,*" 1 ]"- 

Similarly, for d G Z such that ai, «2 S L% one has 

(5.19) ig = [_\ V + l' 3 Li. 

ves^nLi 

We also need some notions from [2]. Let us denote by @(V) the set of lattices 
of V and call it the semiinfinite Grassmannian of V. A dimension theory on V 
is a map ^ : — > Z such that whenever L,L' G §f(V) and i C L', we have 
2>(L') = £>(L) + dim(L'/L). All dimension theories on V form a Z-torsor. 

Recall that we have fixed a covolume theory Cj for jfi, Vj > 0. We claim that 
there exist a dimension theory 3$on.V and a constant A G C x such that 

(5.20) c h c l2 =\-{l' s )- @ ■c iw c l3 . 

Note that we view both sides of (|5.20[) as functions @(V) — > C x . The claim follows 
from the simple identity 

The choice of A) is not unique, and we only need to fix such a pair. Now we 
are ready to give the asymptotic multiplication formula. 

Proposition 5.1. With above notations, and a choice of the pair (&,X) satisfying 
<\5.20\ . we have 

CWCW = a • lim (i' 3 r 9 ^ £ f;? Vh L M ■ fl\M- 

ves^nLi 

Corollary 5.2. If li = h = I, then 

f? i (z)f?(z) = \- iim 2-*^ y; / 2 7-r +Zr '(o)/ 2 7+ a2+Zr '(^). 

Remark 5.3. Corollary \5.S\ is an infinite analog of Corollary 6.8 in [5], which 
plays a major role in Riemann's theta relation (see [5] §7). 

Proof of Proposition 15.11 Assume that ai,<22 G L% such that (|5.19l) is satisfied. 
We shall compute / 0l d (z)/° 2 d (z) explicitly. Consider the following expression 

for t>x, W2 run over L| x 

(5.21) + Wl + £) n - 2i(«! + ^, Zi*) 

/ ^2 ^2 \ / <^2 

+ h\V2 + ~r,V2 + -r)n-^(v 2 + —,hz). 

'2 '2 '2 

Make the change of variables 

Vi = + l'3 v ) + l 2 u , v 2 = h(v + l 3 v ) - l 'l u i 
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such that 77 runs over Sf 1 '^ 2 CiL%, and u, v run over Z|. Then from ([57X9]) it follows 
that 

L*xL*^> {StX 2 n Li) x L| x Lg, « 2 ) -> (77, «, „) 

is a bijection. In terms of the new variables, after some heavy manipulations one 
can check that (|5.21l) equals 

1 2 3 12 3 

+ /3( w + ^, w + ^) n -2 l (« + ^,/ 3 z). 

'3 '3 '3 

Taking into account of (|5.20p . this finishes the proof. □ 

Remark 5.4. When q G Q, £/ie endomorphism ring o/V^/Lq is much larger than 
Z, namely, it contains 2j[Nt,Nt~ l ] for some sufficiently large integer N . This is 
an interesting analogue of abelian varieties with large endomorphism rings. 
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